Objectives: This study aimed to extend an epidemiological model (SEIHFR) to analyze epidemic trends, and evaluate intervention efficacy. Methods: SEIHFR was modified to examine disease transmission dynamics after vaccination for the Ebola outbreak. Using existing data from Liberia, sensitivity analysis of various epidemic scenarios was used to inform the model structure, estimate the basic reproduction number
Introduction
Ebola virus disease (EVD) is an extremely infectious disease and can be fatal to humans [1, 2] . The virus spreads through direct contact with an infected person or their bodily fluids (through broken skin, mucus, fluids, and contaminated objects such as syringes or needles). The Ebola vaccination is expected to be the most promising treatment for preventing an Ebola outbreak.
Ebola vaccine candidates have been developed in the last decade, but none have yet been approved for clinical use.
During 2014-2015, trials of candidate vaccines for EVD were fast-tracked in response to the unprecedented EVD epidemic in West Africa. Interim results from the Guinea Ebola ring vaccination trial suggested that the vaccine could have a high level of efficacy [3] [4] [5] . Rings, i.e., closest contacts of newly infected cases, defined as the contacts, and contacts of contacts, of those confirmed EVD cases, gave a cluster of contacts. A modeling study [6] suggested that implementation of a ring vaccination strategy could supplement case isolation and contact tracing, to reduce transmission. However, if there were many cases not in the known transmission chains, as in West Africa in early 2014, the results of a stochastic model [7] using individual-level transmission data suggest that ring vaccination might be insufficient to contain the outbreak, and mass vaccination or hybrid strategies involving mass and ring vaccination, might need to be considered. It has been reported that using a spatially explicit agent-based model of EVD transmission (in a region of Sierra Leone), numerical estimates for the effectiveness of ring vaccination by varying the ring definition (contacts, contacts of contacts, and spatial components), as well as the performance of ring vaccination assuming different levels of reproduction number and contact tracing [8] . However, the efficacy of this, and the likely impact on a large, Ebola epidemic such as in West Africa, remains unclear. Simulation and forecasting of the impact of different vaccination strategies may provide important information in developing public health strategies.
In this paper, the SEIHFR epidemic model [9, 10] was modified to study the spread of Ebola by intervention (vaccination) and incorporating contact tracing [11, 12] . Different from the ring vaccination model [6] , the effectiveness of vaccination is modeled to directly reduce the numbers of susceptible people in a population. a thorough mathematical analysis of the SEIHFR model was conducted and the transmission rates due to contact in the community, hospitals, and funerals, as who has come into contact with a person infected with Ebola, as well as contacts of theirs. This strategy was used in an experimental Ebola vaccination in Guinea in March 2016 and was found to be highly effective in preventing Ebola infection [7, 8, 25] . Vaccination was incorporated into the SEIHFR model framework by deriving a link between vaccination and contact tracing. The Contact tracing process for Ebola consisted of 3 basic elements; contact identification, contact listing and contact follow-up [11] . In order to model this process, the following assumptions were made in addition to the base SEIHFR model. Reported cases from infectious, hospitalized or contaminated deceased cases, triggered contact tracing and ring vaccination. In addition, the reported cases that triggered ring vaccination were not removed from their corresponding cases, but ring vaccination was applied to contacts and contacts of contacts. The probability accounted for unreported cases and reported cases that did not trigger contact tracing and ring vaccination. The probability (1-) accounted for the reported cases that triggered ring vaccinations and no secondary cases that were caused by them.
The number of susceptible individuals removed due to ring vaccination at time t has the following formula:
is the average number of contacts traced per reported case that triggered contact tracing. Matlab R2016b, parameters were estimated (Table 2 ).
( Figure 2 ).
A scenario analysis on the vaccination
In the fitted base model in this study, (the aver away due to vaccination] per infected case) was assume cases due to vaccination) was assumed to be 0 ( = 1 vaccination before Ebola outbreak). The potential imp under different assumptions around the values , an population, while keeping the other estimated parameters and the Ebola epidemic, would be under population was greater than . According the estima to avoid negative compartments.
Randomized mass vaccination before Ebola
In this context, a paradigm for the process of ring vaccination was considered: 1) identification of contacts and contacts of contacts of reported cases that triggered a ring vaccination;
2) vaccination of contacts and contacts of contacts where no secondary cases were caused by these contacts. This requires a high standard in public health work for contact tracing, isolation, community engagement and availability of effective vaccines [7] . Although and are not independent of each other, can have different values for same due to the variables and ; scenarios analysis can be conducted based on the values and to find out the impact of vaccination.
The only way a person can leave the susceptible group is to become infected or immunized. The only way a person can leave the infected group is to be hospitalized/recovered/ removed from the disease. Once a person has recovered, the person has immunity. The SEIHFR model is as follows:
N is the size of the population.
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1/γ h is the mean duration between onset of symptoms and hospitalization. 1/γ i is the mean of the infectious period for patients who survived to their illness. 1/γ d is the mean duratio infectious period for patients who died. 1/γ f is the mean duration of the infectious period death and burial. θ 1 is computed in order that θ% of infectious cases are hospitalized . δ 1 a computed to obtain a case fatality ratio at δ. Table 1 for more information about the parameters. More details could be found in [9, 21
The 1/ is the mean duration between onset of symptoms and hospitalization. The 1/ is the mean duration of the infectious period for patients who survived their illness. The 1/ is the mean duration of the infectious period for patients who died. The 1/ is the mean duration of the infectious period between death and burial. is computed in order that ％ of infectious cases are hospitalized. and are computed to obtain a case fatality ratio at . and . Table   1 shows more information about the parameters and more details of derivation of these differential equations have been previously described explaining distribution of people across different paths [9, 21] .
The "randomized mass vaccination" strategy can be used before an Ebola outbreak. By vaccinating a percentage of whole population randomly (have the same interaction with the vaccinated and non-vaccinated population), the initial susceptible population decreases and it reduces the force of infection (rate at which a susceptible person becomes infected). Let (1-) be the percentage of whole population that was initially vaccinated randomly before an Ebola outbreak.
Scenarios analysis was conducted based on the percentages of the initial vaccinated population. This parameter does not occur in the differential equations but does in the initial values.
A threshold for the parameter was deduced to make the basic reproduction number less than 1.
Here 2 recording variables were introduced C a (t) and C d (t) which are not epidemiological states, but they keep track of the cumulative number of all Ebola cases, and the cumulative number of deaths of Ebola cases respectively from the time of onset of symptoms. These 2 cumulative data were reported by the WHO. The differential equations are:
To measure the number of vaccines needed in the ring vaccination, another recording variable Cv (t) was used to keep track of the cumulative number of vaccinations.
Note that ring vaccination is a spatial phenomenon. A spatially explicit agent-based model [8] is calibrated to reproduce the most important features of the EVD outbreak in Pujehun district, Sierra Leone. The process of ring vaccination requires the identification of contacts and contacts of contacts of a reported case. The modified SEIHFR model cannot possibly be faithful to the process as understood by field epidemiologists. However, it can provide a numerical estimate of the effectiveness of vaccination strategies for the EVD outbreak in Liberia or other countries.
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Mathematical analysis of the SEIHFR model
Prior to the use of the SEIHFR model to study the 2014 Ebol the differential equations but does in the initial values. A threshold for the parameter was deduced make the basic reproduction number less than 1.
Here 2 recording variables were introduced ( ) and ( ) which are not epidemiological stat but they keep track of the cumulative number of all Ebola cases, and the cumulative number of deaths Ebola cases respectively from the time of onset of symptoms. These 2 cumulative data were reported the WHO. The differential equations are:
To measure the number of vaccines needed in the ring vaccination, another recording varia ( ) was used to keep track of the cumulative number of vaccinations.
Note that ring vaccination is a spatial phenomenon. A spatially explicit agent-based model [8 calibrated to reproduce the most important features of the EVD outbreak in Pujehun district, Sierra Leo
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Prior to the use of the SEIHFR model to study the 2014 Ebola outbreak in West Africa the differential equations but does in the initial values. A threshold for make the basic reproduction number less than 1.
= ( + + ).
Mathematical analysis of the SEIHFR model
To measure the number of vaccines needed in the ring vaccination, another recording variab ( ) was used to keep track of the cumulative number of vaccinations.
Note that ring vaccination is a spatial phenomenon. A spatially explicit agent-based model [8] calibrated to reproduce the most important features of the EVD outbreak in Pujehun district, Sierra Leon
The process of ring vaccination requires the identification of contacts and contacts of contacts of reported case. The modified SEIHFR model cannot possibly be faithful to the process as understood field epidemiologists. However, it can provide a numerical estimate of the effectiveness of vaccinati strategies for the EVD outbreak in Liberia or other countries.
Prior to the use of the SEIHFR model to study the 2014 Ebola outbreak in West Africa, [10, 17] . They are consistent across the modeling literature for different outbreaks. Here we introduce two recording variables C a (t) and C d (t) which are not epidemiological states, but they keep track of the cumulative number of all Ebola cases and the cumulative number of deaths of Ebola cases respectively from the time of onset of symptoms. These two cumulative data are reported by WHO. The differential equations are (7) dC a dt = αE.
To measure the number of vaccines needed in the ring vaccination, another recording variable C v (t) is used to keep track of the cumulative number of vaccinations.
Remark 2.1. Note that ring vaccination is a spatial phenomenon. A spatially explicit agent-based model [8] is calibrated to reproduce the most important features of the EVD outbreak in Pujehun district, Sierra Leone. The process of ring vaccination requires the identification of contacts and contacts of contacts of a reported case. The modified SEIHFR model is not possible to be faithful to the process as understood by field epidemiologists. However it can provide a numerical estimate of the effectiveness of vaccination strategies of the EVD outbreak in Liberia or other counties.
Prior to the use of the SEIHFR model to study the 2014 : If a randomized mass vaccination strategy was adopted, vaccines would be administered lactically or as early as possible (depending on the availability of vaccines). An effective tion rate threshold for Liberia was estimated as 48.74% among susceptible individuals. If a ring tion strategy was adopted to control the spread of the Ebola virus, vaccines would be given to the transmission rate improving the tracing rate of the contact persons of an infected individual.
sion:
The extended SEIHFR model predicted the total number of infected cases, number of deaths, of recoveries, and duration of outbreaks among others with different levels of interventions such ination rate. This model may be used to better understand the spread of Ebola and develop es that may achieve a disease-free state.
ds: basic reproduction number, ebolavirus, Liberia, vaccination, West Africa is less than 1 Appendix I). However, the potential impact of a vaccination for Ebola needs to be studied to provide insights for future planning [4] [5] [6] [7] [8] .
Results on 2014 Ebola outbreak in Liberia
Fisman et al [15] studied the projected impact of vaccination timing and dose availability, and they predicted that an effective vaccination rate could be projected to prevent tens of thousands of deaths, if vaccination could be used before the epidemic peaked. This estimation of the effective vaccination rate was also discussed in another study [29] . It is reasonable Methods: SEIHFR was modified to examine disease transmission dynamics after vaccination for the Ebola outbreak. Using existing data from Liberia, sensitivity analysis of various epidemic scenarios was used to inform the model structure, estimate the basic reproduction number ℜ 0 and investigate how the vaccination could effectively change the course of the epidemic.
Results:
If a randomized mass vaccination strategy was adopted, vaccines would be administered prophylactically or as early as possible (depending on the availability of vaccines). An effective vaccination rate threshold for Liberia was estimated as 48.74% among susceptible individuals. If a ring vaccination strategy was adopted to control the spread of the Ebola virus, vaccines would be given to reduce the transmission rate improving the tracing rate of the contact persons of an infected individual.
Conclusion:
The extended SEIHFR model predicted the total number of infected cases, number of deaths, number of recoveries, and duration of outbreaks among others with different levels of interventions such as vaccination rate. This model may be used to better understand the spread of Ebola and develop strategies that may achieve a disease-free state.
Keywords: basic reproduction number, ebolavirus, Liberia, vaccination, West Africa and to evaluate the impact of intervention measures on the transmission rate of the disease.
In this study the fitted model was used to simulate the impact of vaccination.
The transmission rate and the impact of interventions
Various intervention strategies [27,28,30] including surveillance, quarantine, education and rapid burial have been employed to control an outbreak and bring it to an end as soon as possible. The impact of the intervention plan such as "70-70-60" plan is not instantaneous [20] . The net effect of intervention strategies, is to reduce the transmission rate (including , , , in our model) from , to < .
Between the time of onset of the intervention, to the time of full compliance, the transmission rate is assumed to decrease gradually from to according to:
where T 0 is the time at which interventions start, and q controls the rate of transition from to . The larger q, the faster decays to .
Model parameters
The parameters in the model were put into 2 categories,
10
mathematical formula for basic reproduction number ℜ 0 was dependent on the effectiveness of vaccination and , and it can be decomposed into 3 parts due to transmission rate in the community, after hospitalization, and during traditional burial.
By Routh-Hurwitz Criteria, a disease-free equilibrium is linearly stable when the basic reproduction number ℜ 0 is less than 1 (Appendix).
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The transmission rate and the impact of interventions
Various intervention strategies [27, 28, 30] including surveillance, quarantine, education a burial etc. have been employed to control the outbreak and bring it to an end as soon as possi impact of the intervention plan such as "70-70-60"plan is not instantaneous. Follow the pap the net effect of intervention strategies, is to reduce the transmission rate β (including β I , β our model) from β 0 to β 1 < β 0 . Between the time of the onset of the intervention to the tim compliance, the transmission rate is assume to decrease gradually from β 0 to β 1 according to
where T 0 is the time at which interventions start and q controls the rate of transition from β 0 to larger q, the faster β 0 decays to β 1 .
Model parameters
The parameters in the model are put into two categories: epidemiological parameters and m rameters. Epidemiological parameters are those parameters to characterize the Ebola virus incubation period and case-fatality ratio etc. They are consistent across the modeling litera epidemiological and model. Epidemiological parameters are those which characterize the Ebola virus, such as incubation period and case-fatality ratio. They are consistent across the modeling literature for different outbreaks [10, 17] and are listed in Table 1 . These epidemiological parameters followed the WHO Ebola Response Team study [2, 23] . The case-fatality ratio in Liberia was 0.7234 before intervention and 0.3844 after intervention.
The model parameters shown in Table 2 were fitted to the 2014 Ebola outbreak in Liberia by least-squares fit to the cumulative number of cases Ca (t, ) in equation (7). The nonlinear least-squares solver "lsqnonlin" in Matlab 2016b was used and appropriate initial conditions for the differential equations were chosen to feed the optimization process so that the "best fit" can be determined. The optimization process was repeated by feeding different initial conditions before the "best fit" was chosen. The confidence interval was computed following the method described by Chowella et al [20] .
The asymptotic variance-covariance AV( ) of the leastsquares estimate was which was estimated by where n is the total number of observations, and are numerical derivatives of C.
To compute the confidence intervals, F-distribution for small samples was used. Formally, the confidence intervals were of the form:
where y ai is the observed cumulative number of cases, and
A is the 1-quantile of an F-distribution with appropriate degrees of freedom. To have a better approximation to both the cumulative number of cases and the cumulative number of deaths, least-squares could be applied to the 2 cumulative numbers, that is, where y di was the observed cumulative number of deaths.
Confidence intervals were computed by fixing all other parameters and parameters estimates are given in Table 2 .
There were many different parameter combinations which fitted; thus, confidence intervals may not be relevant for these purposes. For example, the 95% confidence interval (6.1513,∞)
for q was not "sharp" because it covered an infinity range. This was due to the exponential decay (e -q (t-T 0 ) for t > T 0 ) of time and its value would not change much when q is large.
Ebola outbreak in Liberia
Data were retrieved from the WHO website, and was 
A scenario analysis on the vaccination
In the fitted base model in this study, (the average num away due to vaccination] per infected case) was assumed to be cases due to vaccination) was assumed to be 0 ( = 1), and vaccination before Ebola outbreak). The potential impact of under different assumptions around the values , and initia population, while keeping the other estimated parameters the sam confirmed total deaths, which were used as the initial values C a (0) and C d (0). By using the optimization tool "lsqnonlin" in Matlab R2016b, parameters were estimated ( Table 2 ). The deterministic model fitted well for Liberia ( Figure 2 ).
Randomized mass vaccination before Ebola outbrea

A scenario analysis on the vaccination
In the fitted base model in this study, (the average number of removals [susceptible individuals away due to vaccination] per infected case) was assumed to be 0, (1-) (the reducing rate of infected cases due to vaccination) was assumed to be 0 ( =1), and was assumed to be 1 (no randomized vaccination before Ebola outbreak). The potential impact of vaccination against Ebola was evaluated under different assumptions around the values , and initial percentage (1-) of the vaccinated population, while keeping the other estimated parameters the same.
Randomized mass vaccination before Ebola outbreak
Formula 17 (Appendix I) for the basic reproduction number
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Formula 17 (Appendix) for the basic reproduction number ℜ 0 :
which indicates that if sufficient fractions of population are immunized, the Ebola epidemic sh happen. In the appendix, it was shown that the disease epidemic was predicted to decline when
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to the 2014 Ebola outbreak in Liberia by least-squares fit to the cumulative number of cases n equation (7). We use the nonlinear least-squares solver "lsqnonlin" in Matlab 2016b and te initial conditions for the differential equations are chosen to fed the optimization process e "best fit" can be determined. The optimization process was repeated by feeding different ditions before the "best fit"was chosen. The confidence interval was computed following the ]. The asymptotic variance-covariance AV (Ψ) of the least-squares estimate is 2 andˆ C are numerical deriva-. To compute the confidence intervals, we use F-distribution for small samples. Formally, the e intervals are of the form
is the observed cumulative number of deaths. Confidence intervals are computed by fixed arameters and parameters estimates are given in table 2. There are many different parameter ions which fit, thus confidence intervals may not be relevant for our purposes here. For exe 95% confidence interval (6.1513, ∞) for q is not "sharp" because it covers an infinity range. e to the exponential decay (e −q(t−T 0 ) for t > T 0 ) on time and its value won't change much for ola Outbreak in Liberia e retrieved from the WHO website and based on the cumulative total numbers of total cases deaths. The data are recorded by days and the data used to fit the model are chosen in an round a whole week. The total population size N = S + E + I + H + F + R was assumed to be Based on the estimates of the basic reproduction number in [2] , it was estimated that the minimum effective vaccination rates and the Ebola outbreak would be under control if > 41.52% and > 50.50% of the total population were vaccinated in Guinea and Sierra Leone, respectively.
These predictions provide scientific evidence of the need for vaccine production and application. For purposes of simplicity, the assumption was made that the vaccine was 10 0% efficacious with a single dose required for immunity. Roughly 
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the model parameters as long as the number of total cases was relatively small. In fact, the true massaction assumption was used which made the model parameters independent of . In Liberia, the cases that were reported on June 2, 2014 were the first new cases since April 7, 2014 . To fit the model for Liberia, the starting date was June 2, 2014 with 19 confirmed total cases and 9 confirmed total deaths, which were used as the initial values (0) and (0). By using the optimization tool "lsqnonlin" in Matlab R2016b, parameters were estimated ( Table 2 ). The deterministic model fitted well for Liberia (Figure 2 ).
A scenario analysis on the vaccination
In the fitted base model in this study, (the average number of removals [susceptible individuals away due to vaccination] per infected case) was assumed to be 0, (1 − ) (the reducing rate of infected cases due to vaccination) was assumed to be 0 ( = 1), and was assumed to be 1 (no randomized vaccination before Ebola outbreak). The potential impact of vaccination against Ebola was evaluated under different assumptions around the values , and initial percentage (1 − ) of the vaccinated population, while keeping the other estimated parameters the same.
Randomized mass vaccination before Ebola outbreak
which indicates that if sufficient fractions of population are immunized, the Ebola epidemic should not happen. In the appendix, it was shown that the disease epidemic was predicted to decline when ℜ 0 < 1, and the disease spread would increase when ℜ 0 > 1. By corollary 5.4, when random and continuous vaccination strategies for susceptible population were undertaken, the minimum effective vaccination
and the Ebola epidemic, would be under control if the initial vaccinated rate of the total population was greater than . According the estimated value in this study ( 
Continuous Ring Vaccination
The ring vaccination strategy (that involves vaccinating anyone who has come into contact with a person infected with Ebola, as well as contacts of theirs) was modeled. This strategy was used in an experimental Ebola vaccine in Guinea in March 2016 and was found to be highly effective in preventing Ebola infection. Some evaluations and analysis on the efficacy of the vaccination have been studied [4] [5] [6] [7] [8] 25] . The parameter models the average required number for vaccinating contact persons per infected person, and the parameter models the direct impact of ongoing vaccination/isolating on the transmission rate. In this study the impact on the epidemic due to these 2 parameters while keeping all other parameters/ interventions the same was investigated.
In this study it was assumed that there was a small direct effectiveness of contact tracing which is highly dependent on public health resources [11, 12] .
By the formula of the basic reproduction number was decreasing when the corresponding parameter decreased and all other parameters avirus, Liberia, vaccination, West Africa was < 1. In turn, this generated a threshold for the effective vaccination rate to arrest or mitigate an epidemic.
The simulation study in Figure 3 showed that if the initial vaccination rate was larger than the threshold, then the spread of the epidemic was under control and would gradually stop.
If a 100% single dose efficacious vaccine was available for immunity, nearly 2.1 million highly effective vaccines would be needed to substantially prevent an Ebola outbreak in Liberia, and nearly 49% of the total population in Liberia would need to be vaccinated before or at the beginning of the outbreak.
Simulation studies in Figures 4 and 5 showed that vaccination should be implemented as soon as possible if a randomized mass vaccination strategy was used, which is consistent with observations reported by Fisman et al [15] .
The simulation study in Figure 9 showed that a delay in intervention by 2 weeks would result in a total case increase of about 68%. Early intervention and early vaccination should be implemented side-by-side to achieve the greatest effectiveness.
Reducing the infection rate was the key impact factor on Figure   7 showed that the outbreak would end within 20 weeks, and there would be about 214 total infected cases and 145 total deaths, which was equivalent to 2% and 3% of the current total infected cases and deaths, respectively. 
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Mathematical analysis of the SEIHFR Model
Nonnegativity and boundedness
It is crucial to show that the solutions to the initial-value problem are non-negative and bounded and they retain the biological validity for all values of time.
Lemma 5.1. [Nonnegativity] Let t 0 >0. If the initial conditions satisfy S(0)≥0, E(0)≥0, I(0)≥0, H(0)≥0, F(0)≥0, R(0)≥0, then
S(t)≥0, E(t)≥0, I(t)≥0, H(t)≥0, F(t)≥0, R(t)≥0 for all t [0, t 0 ].
Proof. Note that = 0 which implies that S+E+I+H+F+R= N, a constant size of population. It is easy to get the following lower bounds for any t [0, t 0 ].
Then
Lemma 5.2. [Boundedness] For any t [0, t 0 ], S(t), E(t), I, H(t), F(t), R(t) are less than N.
Proof. This is a direct consequence of that S+E+I+H+F+R=N and all S, E, I, H, F, R are nonnegative.
By the Fundamental Theorem of Existence and Uniqueness for differential equations, there exists a unique, positive, and bounded solution to the ordinary differential equations given in (1) to (6).
SEIHFR Model in matrix form
To better understand the transmission of an infectious disease, it is important to distinguish new infections from all other changes in population. It can be shown that SEIHFR model can be written as the system below and is defined on a forward invariant compact subset Ω of R 
Nonnegativity and Boundedness
It is crucial to show that the solutions to the initial-value problem are nonnegative and bou they retain the biological validity for all values of time. 
Lemma 5.1. [Nonnegativity] Let t 0 > 0. If the initial conditions satisfy S(0)
≥ 0, E(0) ≥ 0, H(0) ≥ 0, F(0) ≥ 0, R(0) ≥ 0, then S(t) ≥ 0, E(t) ≥ 0, I(t) ≥ 0, H(t) ≥ 0, F(t) ≥ 0, R(t) ≥ t ∈ [0,t 0 ].
Proof. Note that
dE dt dI dt ≥ −γI. dH dt ≥ −(γ dh δ 2 + γ ih (1 − δ 2 ))H. dF dt ≥ −γ f F. dR dt ≥ 0. Then
E(t) ≥ E(0)e
−αt ≥ 0.
I(t) ≥ I(0)e −γt ≥ 0.
H(t) ≥ H(0)e
−(γ dh δ 2 +γ ih (1−δ 2 ))t ≥ 0. F(t) ≥ F(0)e −γ f t ≥ 0. R(t) ≥ R(0) ≥ 0. dS dt ≥ − (1+ν) N (max{β I , β H , β F , 1}(I + H + F))S ≥ −(ζ + ν) max{β I , β H , β F , 1}S. So S(t) ≥ S(0)e −(ζ+ν) max{β I ,β H ,β F ,1}t ≥ 0.
Lemma 5.2. [Boundedness] For any t ∈ [0,t 0 ], S(t), E(t), I(t), H(t), F(t), R(t) are less than
Proof. This is a direct consequence of that S + E + I + H + F + R = N and all S, E, I, H, F, R negative.
By the Fundamental Theorem of Existence and Uniqueness for differential equations, th a unique, positive, and bounded solution to the ordinary differential equations given in (1) to
SEIHFR model in matrix form
To better understand the transmission of an infectious disease, it is important to distinguish n tions from all other change in population. It can be shown that SEIHFR model can be writ system below and is defined on a forward invariant compact subset Ω of R 2 + × R 4 + by Lemm 5.2 .
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H(t) ≥ H(0)e −(γdhδ2+γih(1−δ2))t ≥ 0.
F(t) ≥ F(0)e
−γ f t ≥ 0. R(t) ≥ R(0) ≥ 0. dS dt ≥ − (1+ν) N (max{β I , β H , β F , 1}(I + H + F))S ≥ −(ζ + ν) max{β I , β H , β F , 1}S. So S(t) ≥ S(0)e −(ζ+ν) max{βI ,βH ,βF ,1}t ≥ 0.
Lemma 5.2. [Boundedness] For any t ∈ [0,t 0 ], S(t), E(t), I(t), H(t), F(t), R(t) are less than N Proof. This is a direct consequence of that S + E + I + H + F + R = N and all S, E, I, H, F, R negative.
By the Fundamental Theorem of Existence and Uniqueness for differential equations, the a unique, positive, and bounded solution to the ordinary differential equations given in (1) to (
SEIHFR model in matrix form
To better understand the transmission of an infectious disease, it is important to distinguish ne tions from all other change in population. It can be shown that SEIHFR model can be writte system below and is defined on a forward invariant compact subset Ω of R 2 + × R 4 + by Lemma 5.2 .
Nonnegativity and Boundedness
Lemma 5.1. [Nonnegativity] Let t 0 > 0. If the initial conditions satisfy S(0)
≥ 0, E(0) ≥ 0, H(0) ≥ 0, F(0) ≥ 0, R(0) ≥ 0, then S(t) ≥ 0, E(t) ≥ 0, I(t) ≥ 0, H(t) ≥ 0, F(t) ≥ 0, R(t) ≥ t ∈ [0,t 0 ].dH dt ≥ −(γ dh δ 2 + γ ih (1 − δ 2 ))H. dF dt ≥ −γ f F. dR dt ≥ 0. Then
E(t) ≥ E(0)e
I(t) ≥ I(0)e −γt ≥ 0.
H(t) ≥ H(0)e −(γdhδ2+γih(1−δ2))t ≥ 0.
F(t) ≥ F(0)e
−γ f t ≥ 0. R(t) ≥ R(0) ≥ 0. dS dt ≥ − (1+ν) N (max{β I , β H , β F , 1}(I + H + F))S ≥ −(ζ + ν) max{β I , β H , β F , 1}S. So S(t) ≥ S(0)e −(ζ+ν) max{βI,βH ,βF ,1}t ≥ 0.
Lemma 5.2. [Boundedness] For any t ∈ [0,t 0 ], S(t), E(t), I(t), H(t), F(t), R(t) are less than N Proof. This is a direct consequence of that S + E + I + H + F + R = N and all S, E, I, H, F, R negative.
By the Fundamental Theorem of Existence and Uniqueness for differential equations, the a unique, positive, and bounded solution to the ordinary differential equations given in (1) to
SEIHFR model in matrix form
To better understand the transmission of an infectious disease, it is important to distinguish ne tions from all other change in population. It can be shown that SEIHFR model can be writt system below and is defined on a forward invariant compact subset Ω of R 2 + × R 4 + by Lemm 5.2 .
parts due to transmission rate in the community, after hospitalization, and during tr Routh-Hurwitz Criteria, a disease-free equilibrium is locally asymptotically stab subsystem when the basic reproduction number ℜ 0 is less than 1.
Nonnegativity and boundedness
It is crucial to show that the solutions to the initial-value problem are non-ne and they retain the biological validity for all values of time. 
Then Nonnegativity and boundedness
It is crucial to show that the solutions to the initial-value problem are no and they retain the biological validity for all values of time. 
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Routh-Hurwitz Criteria, a disease-free equilibrium is locally asymptotically stable in the infection subsystem when the basic reproduction number ℜ 0 is less than 1.
Nonnegativity and boundedness
It is crucial to show that the solutions to the initial-value problem are non-negative and bounded and they retain the biological validity for all values of time. will be a disease free equilibrium for the SEIHFR model (11).
(1-) can be regarded as the initial removal rate of the total population due to immunization/vaccination. Legrand et al 
Equilibrium, stability and immunity
The SEIHFR model has equilibrium points which belong to the line segment Note that the system only has disease free equilibria and it has no coexistence equilibrium. (12)
where 2)
3) (12)
where Note that for any µ ∈ [0, 1], x = (x * 1 , 0) = (µN, (1 − µ)N, 0, 0, 0, 0) will be a disease free equilibrium for the SEIHFR model (11) . (1 − µ) can be regard as the initial removal rate of the total population due to immunization/vaccination. Legrand etc. [10] determined the formula for R 0 without considering the effect of control interventions such as antivirals and vaccines, where they assumed µ = 1. Indeed, at the beginning of the 2014 Ebola outbreak in West Africa, the susceptible individuals can be assumed to be all the population which means µ = 1. Following the method described in Driessche and Watmough 2)
3) 
The Basic Reproduction Number R 0 asic reproduction number, R 0 , is generally interpreted as the average number of secondary cases by a typical infected individual throughout its entire course of infection in a completely suscepopulation and in the absence of control interventions [31, 32, 33, 34] . It quantifies the potential h for infectious disease transmission.
ote that for any µ ∈ [0, 1], x = (x * 1 , 0) = (µN, (1 − µ)N, 0, 0, 0, 0) will be a disease free equilibrium SEIHFR model (11) . (1 − µ) can be regard as the initial removal rate of the total population due unization/vaccination. Legrand etc. [10] determined the formula for R 0 without considering the of control interventions such as antivirals and vaccines, where they assumed µ = 1. Indeed, at ginning of the 2014 Ebola outbreak in West Africa, the susceptible individuals can be assumed to the population which means µ = 1. (µN, (1 − µ)N, 0, 0, 0, 0) is
The formula for R 0 is the spectral radius of the next generation matrix (the maximum value of its eigenvalues) and
Note, from the definition in table 1, δ 2 = δγih δγih+(1−δ)γdh , one can obtain
By direct computation, we have
Therefore, R 0 can be decomposed into three parts due to transmission rate in the community, after hospitalization, and during traditional burial.
Equilibrium, Stability and Immunity
The SEIHFR model has equilibrium points which belong to the line segment
Note that the system only has disease free equilibria and it has no coexistence equilibrium.
The formula for R 0 is the spectral radius of the next generation matrix (the maximum value o eigenvalues) and
Note, from the definition in table 1,
(1−δ)γd , which is equivalent to
Therefore, R 0 can be decomposed into three parts due to transmission rate in the community, hospitalization, and during traditional burial.
The formula for R 0 is the spectral radius of the next generation matrix (the maximum eigenvalues) and
Therefore, R 0 can be decomposed into three parts due to transmission rate in the com hospitalization, and during traditional burial.
Note that the system only has disease free equilibria and it has no coexistence equilibrium
(17)
Note that the system only has disease free equilibria and it has no coexistence equilibrium. 
(1−δ)γd , which is equivalen
Therefore, R 0 can be decomposed into three parts due to transmission rate i hospitalization, and during traditional burial.
The SEIHFR model has equilibrium points which belong to the line segment 
Therefore, R 0 can be decomposed into three parts due to transmission rate in t hospitalization, and during traditional burial.
Note that the system only has disease free equilibria and it has no coexistence equ 
Note that the system only has disease free equilibria and it has no coexistence equilibrium. The formula for R 0 is the spectral radius of the next generation matrix (the maximu eigenvalues) and
Therefore, R 0 can be decomposed into three parts due to transmission rate in the co hospitalization, and during traditional burial.
Note that the system only has disease free equilibria and it has no coexistence equilibriu 
Note that the system only has disease free equilibria and it has no coexistence equilibrium. Proof. The Jacobian for the linearized system of the SEIHFR model along the equilibrium P 0 is
and its characteristic polynomial is
where
The characteristic polynomial has eigenvalues zero and the equilibrium is not linearly stable for the whole system. But the characteristic polynomial of its infection subsystem is
By Descartes' Rule of Signs, the characteristic polynomial has at least one positive root. So the equilibrium P 0 is linearly unstable. We will use the Routh-Hurwitz Criteria and the values of B 0 , B 1 , B 2 , and B 3 to derive the stability of P 0 . We know that all of the parameters are positive. It
We use Maple 2016 to carry out the following calculations. Proof. The Jacobian for the linearized system of the SEIHFR model along the equilibrium P 0 is
The characteristic polynomial has eigenvalues zero and the equilibrium is not linearly stable for the whole system. But the characteristic polynomial of its infection subsystem is 
By Routh-Hurwitz Criteria, P 0 ∈ L is a locally asymptotically stable disease free equilibrium in the infection subsystem when the basic reproduction number R 0 is less than 1.
Therefore, if R 0 < 1, then on average an infected individual produces less than one new infected individual over the course of its infectious period, and the infection can not generate a major epidemic.
By contrast, if R 0 > 1, then on average each infected individual produces more than one new infection, and an epidemic is likely to occur. 
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(20)
By Descartes' Rule of Signs, the characteristic polynomial has at least one pos root. So the equilibrium P 0 is linearly unstable. We will use the Routh-Hurwitz Criteria and the v of B 0 , B 1 , B 2 , and B 3 to derive the stability of P 0 . We know that all of the parameters are positiv
We use Maple 2016 to carry out the follo calculations. 
By Routh-Hurwitz Criteria, P 0 ∈ L is a locally asymptotically stable disease free eq infection subsystem when the basic reproduction number R 0 is less than 1.
Therefore, if R 0 < 1, then on average an infected individual produces less than o individual over the course of its infectious period, and the infection can not generate a By contrast, if R 0 > 1, then on average each infected individual produces more than on and an epidemic is likely to occur. 
By Routh-Hurwitz Criteria, P 0 ∈ L is a locally asymptotically stable disease infection subsystem when the basic reproduction number R 0 is less than 1. 
Then the epidemic would be under control if the initial immunized/vaccinated r population is bigger than the minimum effective vaccination rate, that is, (1 − µ
